Abstract. We study the Hermitian curvature flow of locally homogeneous non-Kähler metrics on compact complex surfaces. In particular, we characterize the long-time behaviour of the solutions to the flow. Finally, we compute the Gromov-Hausdorff limit of immortal solutions after a suitable normalization. Our results follow by a case-by-case analysis of the flow on each complex model geometry.
Introduction
The Hermitian curvature flow (HCF shortly) is a strictly parabolic flow of Hermitian metrics introduced by Streets and Tian in [23] . The flow evolves an initial Hermitian metric in the direction of its second Chern-Ricci curvature tensor modified with some first order terms in the torsion.
More precisely, let (X, g 0 ) be a Hermitian manifold. The solution to the HCF starting at g 0 is the family of Hermitian metric g(t) satisfying ∂ t g(t) = −S(g(t)) + Q(g(t)) , g(0) = g 0 ,
where S(g) is the second Chern-Ricci curvature tensor and Q(g) is a (1, 1)-symmetric tensor which is quadratic in the torsion components of the Chern connection (see Section 2) . When the starting metric is Kähler the HCF reduces to the Kähler-Ricci flow. Moreover, in the compact case, it is a gradient flow and it is stable near Kähler-Einstein metrics with non-positive Ricci curvature [23] .
We stress that different choices of the tensor Q in (1) give rise to a family of geometric flows. In particular one can choose Q to preserve different geometric conditions, making each of these new flows well-suited to investigate a certain problem. Among these, one of the most studied is the pluriclosed flow (PCF shortly), which preserves the pluriclosed condition ∂∂ω = 0 [17, 18, 19, 20, 21, 22, 24, 25] .
One of the main reason in studying these new flows is to refine the Enrique-Kodaira classification of compact complex surfaces, as they can be used to detect canonical Hermitian metrics as limit points (see e.g. [21] ). Motivated by this, we carry out an analysis of the HCF on compact complex surfaces in the same fashion as Boling did for the PCF in [3] .
Our first main result completely characterizes the long-time behavior of locally homogeneous non-Kähler solutions, namely Theorem A. Let X be a compact complex surface and g 0 a locally homogeneous non-Kähler metric on X. If the solution to the HCF starting from g 0 develops a finite time singularity, then X is a Hopf surface. Conversely, any locally homogeneous solution to the HCF on a Hopf surface collapses in finite time.
Notice that we restricted our analysis to starting non-Kähler metrics since the behavior of Kähler solutions is already known (see e.g. [5, 16, 26] ).
Let us observe that the dynamical systems arising from the PCF and the HCF are rather different. In contrast with Theorem A, locally homogenous non-Kähler solutions to the PCF on compact complex surfaces never develop finite-time singularities [3, Thm 1.1].
Our second main result concerns the Gromov-Hausdorff limits of immortal normalized solutions to the HCF, namely 2. Preliminaries
Basics on HCF.
In the sequel, we describe the evolution equation of the Hermitian Curvature Flow on a complex manifold X = (M, J). Given a Hermitian metric g on X, we denote by ∇ its Chern connection, by Ω its Chern curvature tensor Ω(X, Y ) := [∇ X , ∇ Y ] − ∇ [X,Y ] and by S its second Chern-Ricci curvature, i.e.
Let also T be the torsion of ∇ and consider the tensor Q = Q ij defined by
where Q 
Notice that in the formulas above
Then, given a Hermitian metric g 0 on X, the evolution equation of the HCF on X starting from g 0 is given by
where K := S − Q. Henceforth, we will refer to K as the HCF tensor.
HCF tensor on Lie groups.
Let (G, J, g) be a real Lie group G equipped with a left-invariant Riemannian metric g and a left-invariant complex structure J such that g(J· , J· ) = g(· , · ). Let also g := Lie(G) and
In the following, we compute the components of the HCF tensor in terms of the structure constants of g. Let {Z 1 , . . . , Z n } be a left-invariant frame of G. Since the Chern connection is the unique Hermitian connection with vanishing (1,1)-part of the torsion, it follows that
or, in terms of the Christoffel symbols of ∇
On the other hand ∇J = ∇g = 0 implies
By definition, we have
Thus, the second Chern-Ricci curvature S takes the form
On the other hand, since
and hence
Therefore, the explicit expression of the tensor Q can be recovered from (2), (3) and (7).
Complex model geometries.
In this subsection, we recall some basics about the geometry of locally homogeneous Hermitian manifolds. In particular, we focus on compact locally homogeneous Hermitian surfaces.
A Hermitian manifold (X, g) is said to be locally homogeneous if the pseudogroup of local automorphism of (X, g) acts transitively on X, i.e. if for any choice of x, y ∈ X there exist neighborhoods U x , U y ⊂ X of x, y respectively and a holomorphic local isometry f : U x → U y such that f (x) = y. If in addiction (X, g) is compact, then its universal Hermitian covering ( X, g) is globally homogeneous (see [15] ) and hence it admits a left coset presentation X = G/H for some closed subgroup G ⊂ Aut( X, g). Here, with a slight abuse of notation, we denote by g both the Hermitian metric on X and its pullback on the universal cover X.
Motivated by this, we recall the following Definition 2.1. A complex model geometry of dimension n is a pair ( X, G) given by a connected, simplyconnected n-dimensional complex manifold X and a real connected Lie group G such that:
· G acts properly, transitively and almost-effectively by biholomorphisms on X;
If G is a minimal group with such properties, then the complex model geometry is said to be minimal.
Let ( X, G) be a complex model geometry. A Hermitian manifold (X, g) has geometric structure of type ( X, G) if X is the universal cover of X and the pulled-back metric g on X is invariant under the action of G. Of course, if (X, g) has a geometric structure, then it is locally homogeneous. On the other hand, by the previous observation, any compact locally homogeneous Hermitian manifold has geometric structure of type ( X, G) for some minimal complex model geometry ( X, G).
By the Riemann Uniformization Theorem, it is known that there exist exactly three minimal complex model geometries of dimension 1, that are
Here, the group G acts on the respective space X in the standard way. Subsequently in [32, 33] Wall classified all complex model geometries of dimension 2. In particular, he proved the following Theorem 2.2 ( [32, 33] ). If ( X, G) is a minimal complex geometry of dimension 2, then one of the following cases occurs:
, both considered endowed with the standard action of G on X. iii) X = (G, J) where G acts on itself by left translations and J is a left-invariant complex structure. 
Gromov-Hausdorff convergence.
We collect here some basic facts about Gromov-Hausdorff convergence of compact metric spaces. We refer to [4, Sec. 7.3.2] and [14] for more details.
Let Z = (Z, d Z ) be a metric space and A, B ⊂ Z two compact subsets. The Hausdorff distance between A and B is given by dist
is also a metric space and it is compact if and only if Z is compact as well.
where the infimum is taken with respect to all metric spaces Z and all pairs (φ 1 , φ 2 ) of isometric embeddings φ 1 : X → Z and φ 2 : Y → Z. Letting X denote the set of isometric classes of compact metric spaces, it turns out that (X , dist GH ) is a complete metric space. Therefore, given a one-parameter family {X t } t∈[0,T ) and an element Y both in X , whenever lim t→T − dist GH (X t , Y ) = 0 we write
and we say that X t convergences in the Gromov-Hausdorff topology to Y . Finally, a GH ǫ-approximation between two metric spaces X, Y ∈ X , with ǫ > 0, is a pair of non-necessarily continuous maps ϕ : X → Y and ψ : Y → X satisfying for any x, x ′ ∈ X and y, y
Remarkably, if there exists a GH ǫ-approximation (ϕ, ψ) between X and Y , then dist GH (X, Y ) ≤ 
HCF tensor on complex model geometries
The aim of this section is to compute the HCF tensor K of any 2-dimensional complex model geometry ( X, G) endowed with an invariant metric g. By means of Remark 2.3, we will restrict our discussion to those minimal complex model geometries arising from (iii) in Theorem 2.2. Hence, following [3, Sec. 2.2], we list below all the connected, simply-connected real 4-dimensional Lie groups which admits a left-invariant complex structure, their compact quotients according to Enriques-Kodaira classification and their HCF tensors. We mention here that all the computations were made with the help of the software Maple.
In the following, given a connected, simply connected 4-dimensional real Lie groups (G, J) equipped with a left-invariant complex structure, we will consider a fixed left-invariant (1, 0)-frame {Z 1 , Z 2 } and we will denote by {ζ 1 , ζ 2 } its dual frame. This allows us to write any left-invariant Hermitian metric g on (G, J) in the form
with x, y ∈ R >0 , z ∈ C and xy − |z| 2 > 0.
Complex tori.
The Lie group is G = R 4 , which is abelian and admits a unique left-invariant complex structure J st . In this case, the HCF tensor of any left-invariant metric on
Hyperelliptic surfaces. The Lie group is G = SE(2) × R, where SE (2) is the universal cover of the special Euclidean group SE(2) := SO(2) ⋉ R 2 . It admits a unique left-invariant complex structure J and the structure constants µ of its complexified Lie algebra are
The HCF tensor of a left invariant Hermitian metric on SE(2) × R, J is given by
Compact quotients of SE(2) × R, J are hyperelliptic surfaces, which admit Kähler metrics.
Hopf surfaces.
The Lie group is G = SU(2)× R. It admits a one-parameter family J λ of left-invariant complex structures, where λ ∈ R, and with respect to J λ the structure constants µ = µ λ of its complexified Lie algebra are
The HCF tensor of a left-invariant Hermitian metric on SU(2) × R, J λ is given by
Compact quotients of SU(2) × R, J λ are Hopf surfaces, which are non-Kähler.
Non-Kähler properly elliptic surfaces.
The Lie group is G = SL(2, R) × R, where SL(2, R) is the universal cover of SL(2, R). It admits a oneparameter family J λ of left-invariant complex structure, with λ ∈ R, with respect to which the structure constants µ = µ λ of its complexified Lie algebra are
The HCF tensor of a left-invariant Hermitian metric on SL(2, R) × R, J λ is given by
Compact quotients of SL(2, R) × R, J λ are non-Kähler properly elliptic surfaces.
Primary Kodaira surfaces.
The Lie group is G = R × H 3 (R), where H 3 (R) is the three-dimensional real Heisenberg group. It admits a unique left-invariant complex structure J and the structure constants µ of its complexified Lie algebra are
The HCF tensor of a left-invariant Hermitian metric on R × H 3 (R), J is
Compact quotients of R × H 3 (R), J are primary Kodaira surfaces, which are non-Kähler.
Secondary Kodaira surfaces.
The Lie group is G = R ⋉ H 3 (R). It admits two different left-invariant complex structure J ± and the structure constants µ = µ ± of its complexified Lie algebra are
The HCF tensor of a left-invariant Hermitian metric on R ⋉ H 3 (R), J ± is given by
Compact quotients of R ⋉ H 3 (R), J ± are secondary Kodaira surfaces, which are non-Kähler.
Inoue surfaces of type S 0 . The group G = Sol 4 0 is a solvable 4-dimensional real Lie group which admits a two-parameter family J a,b of left-invariant complex structures, where a, b ∈ R, and with respect to J a,b the structure constants µ = µ a,b of its complexified Lie algebra are
The HCF tensor of a left-invariant Hermitian metric on Sol 4 0 , J a,b is given by
Notice that Sol 4 0 , J a,b does not always admit a co-compact lattice. When such a lattice does exist, the quotient is an Inoue surfaces of type S 0 , which is non-Kähler.
Inoue surfaces of type S ± . The group G = Sol 4 1 is a solvable 4-dimensional real Lie group which admits two different left-invariant complex structure J 1,2 . The structure constants µ = µ 1 of the complexified Lie algebra of Sol
and the HCF tensor of a left-invariant Hermitian metric on Sol 4 1 , J 1 is given by
On the other hand, the structure constants µ = µ 2 of the complexified Lie algebra of Sol
and the HCF tensor of a left-invariant Hermitian metric on Sol 4 1 , J 2 is given by
Compact quotients of Sol 
HCF on locally homogeneous surfaces
In this section we study the behavior of locally homogeneous solutions to the HCF on the family of compact complex surfaces we listed in Section 3. Furthermore, whenever a solution to the HCF is immortal, we determine the Gromov-Hausdorff limit of its normalization (1+t) −1 g(t) as t → +∞.
Let X be a compact complex surface covered by a connected, simply-connected 4-dimensional real Lie group G and Γ ⊂ G a co-compact lattice such that X = Γ\G. By construction, all left-invariant tensor fields on G factorizes through X. This yields a one-to-one correspondence between locally homogeneous solutions to the HCF on X and solutions to the corresponding ODE on
where g 0 denotes the pull-back of the starting metric on G. Nonetheless, since the standard left-action of G on itself does not always factorize through X = Γ\G, the quotient Γ\G is not globally G-homogeneous in general.
Notation. Any left-invariant Hermitian metric g on (G, J) will be considered in the form of (8) . For the sake of shortness, we set D := xy − |z| 2 and u := |z| 2 .
Hyperelliptic surfaces.
The HCF on SE(2) × R, J reduces to the following ODEs system:
Proposition 4.1. Let g 0 be a locally homogeneous Hermitian metric on a hyperelliptic surface X. Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. Moreover
Proof. A direct computation yields thatḊ
i.e. the determinant of g(t) is always increasing. On the other hand, since all x, y, u decrease, the first claim follows. The last claim follows directly from the fact that
It is easy to show that a left-invariant metric g on SE(2)
it comes that x(t) → x ∞ ∈ (0, x 0 ) and y(t) → y ∞ ∈ (0, y 0 ) as t → +∞.
Hopf surfaces.
The HCF on SU(2) × R, J λ reduces to the ODEs systeṁ
with c := 1 + λ 2 .
Proposition 4.3. Let g 0 be a locally homogeneous Hermitian metric on a Hopf surface X. Then, the solution g(t) to the HCF starting from g 0 develops a finite extinction time T < ∞ and (X, g(t)) collapses as t → T − .
Proof. Let T ∈ (0, +∞] be the maximal existence time of the flow. Then for any t ∈ [0, T ) we havė
Let us suppose by contradiction that T = +∞. Then it necessarily holds
On the other handẏ
and so by means of (11) lim
which is absurd. Thus g(t) develops a finite time singularity T < ∞. In order to prove the last claim, let us suppose by contradiction that D → ∞ as t → T − . Then Next, we exhibit an explicit solution to the HCF starting from a diagonal metric on SU(2) × R, J λ .
Example 4.4. Let g 0 be a left-invariant diagonal Hermitian metric on SU(2) × R, J λ . Then, the ODEs system (9) reduces toẋ
It is worth noting thatẍ
Now suppose that y 0 = 3 2 cx 0 and that the solution to (12) starting from g 0 satisfies
Then by (13) we would getẍ (t) =ÿ(t) = 0 , which in turn implies
for some k ∈ R. A direct computation yields that (14) solves (12) The HCF on SL(2, R) × R, J λ reduces to the ODEs systeṁ
Proposition 4.5. Let g 0 be a locally homogeneous Hermitian metric on a non-Kähler properly elliptic surface X. Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. In particular, x(t) ∼ 2t and y(t) < y 0 , u(t) < u 0 for any t > 0.
Proof. Let T ∈ (0, +∞] be the maximal existence time of the flow. Then, for any t ∈ [0, T ), we havė
We prove now thatḊ(t) > 0 for any t ∈ [0, T ). Let us suppose by contradiction that there exists t * ∈ [0, T ) such thatḊ(t * ) ≤ 0. Then using (16) we get
On the other hand, since D(t) = x(t)y(t) − u(t) andu(t * ) < 0, it necessarily holdṡ
Moreover, by (17) and a straightforward computation we get
and
Finally, (18) , (19) and (20) imply
which is not possible. Hence the determinant D satisfieṡ
On the other hand, it holdṡ
and hence (16), (21) and (22) imply T = +∞.
We are now ready to prove the second part of the proposition. To do this, we use again a contradiction argument. Let us denote with 
In view of (23), we have two cases depending on whether lim t→∞ |1 − Since both cases lead to an absurd, it comes u ∞ = 0 . (24) Finally, we use (24) to prove that x(t) ∼ 2t as t → ∞. Let us suppose by contradiction that x(t) → x ∞ < +∞ as t → +∞. Then D(t) → D ∞ = x ∞ y ∞ ∈ (D 0 , +∞) as t → +∞ and therefore it must holds x ∞ > 0. By means of (16) lim t→+∞Ḋ (t) = 0 =⇒ cy
which is not possible. Therefore x(t) → ∞ as t → ∞. On the other hand, we havė
In view of this result it comes the following Proposition 4.6. Let X be a non-Kähler properly elliptic surface and g(t) be a locally homogeneous solution to the HCF on X. Then X, (1+t)
as t → ∞ , where C is the base curve of X and g KE is the Kähler-Einstein metric on C with Ric(g KE ) = −g KE . Proof. By definition, a properly elliptic surface is a compact complex surface X with Kodaira dimension κ(X) = 1 and first Betti number b 1 (X) odd admitting an elliptic fibration π : X → C over a compact complex curve C of genus g(C) ≥ 2. Moreover, by the Riemann Uniformization Theorem, C admits a unique Kähler-Einstein metric g KE with Ric(g KE ) = −g KE . Note that, this metric also satisfies π * g KE = 2ζ 1 ⊗ζ 1 . On the other hand, the fibers of the elliptic fibration π : X → C are spanned by the real and imaginary parts of Z 2 , which shrinks to zero along (1+t) −1 g(t) as t → ∞. Therefore, if we consider a not necessarily continuous function f : C → S satisfying π • f = id, then for any ǫ > 0 there exists t * (ǫ) > 0 such that (π, f ) is a GH ǫ-approximation between X, (1+t) −1 g(t) and (C, g KE ) for any t > t * (ǫ). This concludes the proof.
Primary Kodaira surfaces.
The HCF on R × H 3 (R), J reduces to the ODEs systeṁ
Proposition 4.7. Let g 0 be a locally homogeneous Hermitian metric on a primary Kodaira surface X. Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. Moreover,
Proof. Let T ∈ (0, +∞] denote the maximal existence time of the flow. Then, for any t ∈ [0, T ), it holds thatḊ
and, on the other handḊ
Therefore, the long-time existence of the solution follows from (26) and (27) . For the second claim, we notice that
Now, let us suppose by contradiction that
From this and (28) it comes thaṫ
and hence there exist 0 < δ ′ < δ and t * > 0 such that, for any t ∈ [t * , +∞), it holdṡ
which is not possible. As a consequence, we have thatẋ(t) → 0 as t → +∞. From this last claim, arguing again by contradiction, we also get (1+t) −1 x(t) → 0 as t → +∞.
Secondary Kodaira surfaces.
The HCF on R ⋉ H 3 (R), J reduces to the ODEs systeṁ
Proposition 4.8. Let g 0 be a locally homogeneous Hermitian metric on a secondary Kodaira surface X. Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. Moreover
Proof. Let T ∈ (0, +∞] be the maximal existence time of the solution. Then, for any t ∈ [0, T ) it holdṡ
it follows that T = +∞. For the second claim, we firstly suppose by contradiction that u(t) → u ∞ > 0 as t → +∞. Thus, since
On the other hand, it follows by (30) that
which is not possible, and hence u(t) → 0 as t → +∞. Finally, let us assume by contradiction that
and so there exist 0 < δ ′ < δ and t * > 0 such that, for any t ∈ [t * , +∞), we havė
which is absurd. Consequently it comesẋ(t) → 0 as t → +∞. Arguing again by contradiction, we finally get (1+t) −1 x(t) → 0 as t → +∞. 
Proposition 4.9. Let g 0 be a locally homogeneous Hermitian metric on an Inoue surfaces X of type S 0 . Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. In particular, y(t) ∼ 8a 2 t and x(t) < x 0 , u(t) < u 0 for any t > 0.
Proof. Let T ∈ (0, +∞] denotes the maximal existence time of the solution. For any t ∈ [0, T ) we havė
Moreover, sinceẏ
where k := 8a 2 x0 x0y0−|z0| 2 , it follows that T = +∞. For the second claim, let us assume by contradiction that
Then, there exists a finite time t * > 0 and a constant k 1 > 1 such that, for any t ≥ t * ,
Up to enlarge t * , we can also assume that there exists k 2 > 1 such that −k 2 x(t) ≤u(t) ≤ − 1 k2 x(t) for any t ≥ t * and so, by means of (32)
, for any t ≥ t * . This leads us to
for any t ≥ t * , and hence lim t→+∞ u(t) = −∞, which is not possible. Therefore, u D → 0 must hold and we haveẏ (t) → 8a
Then, in view of this result, we have Proposition 4.10. Let X be an Inoue surface of type S 0 and g(t) be a locally homogeneous solution to the HCF on X. Then X, (1+t)
is the circle of length 2 √ 2a.
In order to prove this statement, we recall the underlying geometry of the Inoue surfaces of type S 0 . Let a, b ∈ R, with a > 0 and b = 0, and A ∈ SL(3, Z) be a matrix with eigenvalues : p, q, r, s ∈ R .
Indeed, let {E i j } denote the standard basis of gl(3, C). Then the Lie algebra g a,b := Lie(G a,b ) ⊂ gl(3, C) is the R-span of
. Since the structure constants of g a,b with respect to {X i } are given by
one obtains the structure constants given in Section 3. Let now (v 1 , v 2 , v 3 ) t ∈ R 3 and (w 1 , w 2 , w 3 ) t ∈ C 3 be the eigenvectors of e Then the left action of Γ a,b on G a,b is explicitly given by
and the quotient X = Γ a,b \G a,b is an Inoue surface of type S 0 .
Proof of Proposition 4.10. Let X = Γ a,b \G a,b be an Inoue surface of type S 0 and g(t) a locally homogeneous solution to the HCF on X. By (33) , the projection
factorizes to a map π : X → S 1 = R/Z, which is a fibration with standard fiber T 3 (see [8] ). On the other hand, the path
factorizes to a section γ : S 1 = R/Z → X whose length with respect to g(t) is
Notice also that by Proposition 4.9
Moreover, in analogy with [28, Lemma 5.2] , the kernel ofg ∞ is the integrable distribution D spanned by X 1 , X 2 , which is dense inside any fiber of π. Finally, the claim follows by (34) and this last observation (see e.g. [3, Cor 3.18] 
Proposition 4.11. Let g 0 be a locally homogeneous Hermitian metric on an Inoue surfaces X of type S ± obtained by Sol 4 1 , J 1 . Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. In particular, x(t) ∼ 3t and y(t) < y 0 , u(t) < u 0 for any t > 0.
On the other handẋ
and the long-time existence follows, i.e. T = +∞. Finally, to conclude the proof it is enough to show
Let us assume by contradiction that |z−z| D → ǫ > 0. Then, by the means of (35) and (36), there exists t * > 0 and a constant k 1 > 1 such that
This in turn implies, for any t ≥ t * ,
Besides, up to enlarge t * , there also exists a constat k 2 > 1 such that −k 2 y(t) ≤u(t) ≤ − 1 k2 y(t) for any t ≥ t * . Therefore, since (38) holds, for any t ≥ t * we have
Nonetheless, this would imply lim t→+∞ u(t) = −∞, which is not possible. Hence, (37) holds and x ∼ 3t follows.
The HCF on Sol 4 1 , J 2 reduces to the ODEs systeṁ
Proposition 4.12. Let g 0 be a locally homogeneous Hermitian metric on an Inoue surfaces X of type S + obtained by Sol 4 1 , J 2 . Then, the solution g(t) to the HCF starting from g 0 exists for all t ≥ 0. In particular, x(t) ∼ α t for some α ≥ 3 and y(t) < y 0 , u(t) < u 0 for any t > 0.
Proof. Let T ∈ (0, +∞] denote the maximal existence time of the solution. Then, a direct computation yields thatḊ
On the other hand, sinceẋ In view of the above results, we have Proposition 4.13. Let X be an Inoue surface of type S ± and g(t) be a locally homogeneous solution to the HCF on X. Then X, (1+t) −1 g(t)
GH − − → S 1 (ρ) as t → ∞ , where S 1 (ρ) = {z ∈ C : |z| = ρ} is the circle of length 2πρ, for some ρ ≥ √ 3 2π .
We briefly recall the construction of Inoue surfaces of type S + . Let N ∈ SL(2, Z) be a unimodular matrix with real positive eigenvalues given by λ and λ −1 , with λ > 1. It is well known that any S + surface can be realized as the quotient of the group by a lattice Γ + := f 0 , f 1 , f 2 , f 3 , where f i ∈ G + are defined starting from N (see [8] ).
Notice that Inoue surfaces of type S ± enjoy nearly the same properties of surfaces of type S 0 (see [8] ). In particular, they do not contain complex curves and any S + surface is diffeomorphic to a bundle over S 1 . Moreover, since any S − surface admits an unramified double cover given by a S + surface, it is enough to prove the statement for Inoue surfaces of type S + .
Proof of Proposition 4.13. Let X = Γ + \G + be an Inoue surface of type S + and g(t) a locally homogeneous solution to the HCF on X. The application G + → R , M + (r, q, v, u) → log q log λ factorizes to a map π : X → S 1 , which is a locally trivial fibration (see [8] ). On the other hand, the path
factorizes to a section γ : S 1 → X whose length with respect to g(t) is ℓ g(t) (γ) = x(t) .
Now, in view of the above results
(1+t) −1 g(t) →g ∞ := α 0 0 0 as t → ∞ , for some α ≥ 3. Again, the kernel ofg ∞ is the integrable distribution D spanned by the real and imaginary part of Z 2 , which is dense inside any fiber of π (see [28, Lemma 6.2] ). In analogy with the case of S 0 surfaces, the claim follows by setting ρ := √ α 2π .
We are now in position to prove Theorem A and Theorem B.
Proof of Theorem A and Theorem B. Let X be a compact complex surface and g 0 a locally homogeneous non-Kähler metric on X. By Theorem 2.2 and Remark 2.3 X is a quotient Γ\G, where G is one of the Lie groups listed in Section 3, i.e. SE(2) × R , SU(2) × R , SL(2, R) × R , R × H 3 (R) , R ⋉ H 3 (R) , Sol 
